A weak formulation of Roe's approximate Riemann solver applied to ‘barotropic’ flows  by Glaister, P.
Computers Math. Applic. Vol. 27, No. 8, pp. 87-90, 1994 
Copyright@1994 Elsevier Science Ltd 
Printed in Great Britain. All rights reserved 
0898.1221(94)E0037-K 
089&1221/94 $7.00 + 0.00 
A Weak Formulation of Roe’s Approximate 
Riemann Solver Applied to ‘Barotropic’ Flows 
P. GLAISTER 
Department of Mathematics, P.O. Box 220 
University of Reading, Whiteknights, Reading, RG6 2AX, U.K. 
(Received January 199.9; accepted February 1993) 
Abstract-A weak formulation of Roe’s approximate Riemann solver is applied to the equations 
of ‘barotropic’ flow, including the shallow water equations, and it is shown that this leads to an 
approximate Riemann solver recently presented for such flows. 
1. INTRODUCTION 
Recently, Toumi [l] presented a weak formulation of Roe’s approximate Riemann solver based 
on a definition of a nonconservative product. Toumi first identifies the Lipschitz continuous 
path connecting two states that leads to the Roe-averaged state [2] for an ideal gas, and then 
constructs a generalised Roe-averaged matrix for the Euler equations with real gases by using 
the same path. The purpose of this paper is to show that employing the ideas presented in [l] to 
the equations governing ‘barotropic’ flows leads to the approximate Riemann solver given in [3]. 
This includes the shallow water equations using the familiar gas dynamics analogy. 
2. BAROTROPIC FLOWS 
The Euler equations of gas dynamics in one dimension, where the energy equation is replaced 
by an algebraic statement relating pressure and density, can be written as 
Ut + f, = 0, (2.1) 
where 
u = (P, pu)T, (2.2) 
f=(F%p+pU2)T, and (2.3) 
P = P(P) (2.4) 
is a given gas law. The quantities (p, u, p) = (p, u, p) (2, t) represent density, velocity, and pressure 
at a general position z in space and at time t. Equations (2.1)-(2.4) are sometimes referred to as 
the equations of barotropic flow [4]. In the case p(p) = 3 p2, equations (2.1)-(2.4) are analogous 
to the shallow water equations. 
3. AN APPROXIMATE RIEMANN SOLVER 
(WEAK FORMULATION) 
In [l], it is proposed solving equations of the form (2.1) via locally linearised Riemann problems 
ut + NW wh wc = 0, (3.1) 
a7 
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ll(z,O) = 
UL, ifx<O, 
UR, if x > 0, 
(3.2) 
where A(uL,u& is a constant matrix which depends on the data (UL,UR) and on the path 
@(s; UL, un), and satisfies 
J 
1 
A(@(s;uL,uR)) ~(s;uL,uR)~s=A(uL,uR)~ (uR-UL), (3.3) 
0 
A(u, 6 = A(u), (3.4) 
and 
A(uL,uR)~ 
has real eigenvalues and a 
complete set of eigenvectors, (3.5) 
where 
AX 
dU' 
is the Jacobian of f. (N.B. This also applies to nonconservative systems of the form ut + 
A(u) us = 0. However, when the system is conservative, as is the case here, (3.3) is equiv- 
alent to the condition f(uR) - f(uL) = A( UL, UR)Q (UR - UL), which was originally proposed by 
Roe [21.) 
As noted by Roe [2], the canonical path (a straight line) linking UL and UR 
@‘(St UL, UR) = UL + s (UR - UL), s E [O, 11, (3.6) 
gives 
s 
1 
A(uL,uR)o = A(UL +s(uR -w)) ds, (3.7) 
0 
which will, in general, involve integrals which may not emerge in closed form, or the closed 
form may be expensive to compute. The alternative approach adopted by Roe is to introduce a 
parameter vector w, and it is shown in [I] that the choice of the canonical path for w leads to 
Roe’s original scheme for the Euler equations with ideal gases [2]. This choice is then employed 
in the case of real gases to lead to a new scheme [l]. 
The Riemann solver in [l] is constructed by letting fo be a smooth function such that fc(wL) 
= uL, fo(wR) = uR, and Ao(w) = 6’fo/a w is a regular matrix for every state w. The path 
chosen linking the two states UL and uR is then 
@O(S; UL, UR) = f0 (WL + s (WR - WL)) , (3.3) 
and this leads to the Roe matrix 
A(uL, u~)ip~ = C(UL, u~h, B(uL, u~)iii, (3.9) 
where 
s 1 B(w, uR)9,, = AO(WL +s(WR-WL))& and 0 (3.10) 
s 1 c(‘-b uR)Oo = A(fo(w~ +s(wR - WL)) Ao(~L +s(='R -WL)> ds, 0 (3.11) 
which satisfies (3.3)-(3.5). 
Our aim now is to show that the application of this Riemann solver to the equations on flow 
in Section 2 leads to the Riemann solver given in [3]. 
Roe’s Approximate Ftiemann Solver 
4. APPLICATION TO BAROTROPIC FLOWS 
For equations (2.1)-(2.4), with parameter vector 
89 
then 
w = (wlW2)T = (JE fi4T, (4-l) 
T fo(w) = u = (PI W)T = (& Wl w2) , (4.2) 
so that 
From (3.10) and (4.3), 
Ao2!$ (2Wly O). 
202 Wl 
s 1 B(w, uR)& = AO(WL +S(WR-WL)) ds= 0 
(4.3) 
(4.4) 
where the overbar denotes the arithmetic mean of left and right states, w = 3 (WL + WR). To 
construct the matrix C(u~,u&,, (having found B(uL,u&,,), and hence A(uL,uR)+~, it is 
necessary to write the Jacobian 
+P where p, = dp, as a function of w: 
A(u(w)) = &” & 
( 
1 
& . 
2w Wl WI > 
(N.B. p, = z(p) = &(wl) 3 = $- = 2.) Combining (4.3) and (4.6) gives 
A (u(w)) Ao(w) = pTl 2”,’ ) 7 
2 
SO that from (3.11), 
s 
1 
c(UL, uR)&, = A (fO(WL + S (WR - WL))) A0 (we + s (WR - wL)) & 
0 
( 732 a1 = I PW > 262 ’ 
(4.5) 
(4.6) 
(4.7) 
(4.3) 
where again w = i (WL + wR) denotes the arithmetic mean, and PW, is an approximation to p,, 
given by 
However, since 
fiul, = 
s 
1 
Pw, (WL + s (WR - Kc)) ds. (4.9) 
0 
AP=PR-PL= 
s 
‘d 
o ;i;;P(WL+S(WR-WL))dS 
= 
s 
(il 2 (WL + S (WR - WL)) dS(wR - WL)r (4.10) 
(4.11) 
we have 
UvMA 27:a-6 
Ap = PW, Aw,. 
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Combining (4.4), (4.8) and (4.11), we find that the matrix in (3.9) for the system of equations 
under consideration here is 
A(uL, UF& = C(UL, UR)O~ C(uL, uR)it = & “_ 3 
2a1 % 
= Ap 
2ti1Aw1 - 
Thus, since 
say, and 
then 
AP AP 
2@,Awr = (~+fiHv%+iz)=% 
A(uL, URN = k _! 
1 
AP u > 24 ’ 
which is precisely the Roe matrix given in [3], and clearly represents an approximation to the 
Jacobian (4.5). 
5. CONCLUSIONS 
We have demonstrated that the Riemann solver proposed by Toumi [l], when applied to the 
equations governing barotropic flows, results in the Riemann solver given by Glaister [3]. 
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